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Abstract
Based on the known non-linear transformation rules of the Weyl multiplet fields, the
action of N = 4 conformal supergravity is constructed up to terms quadratic in the
fermion fields. The bosonic sector corrects a recent result in the literature.
1 Introduction
Conformal supergravities in four dimensions are invariant under the local symmetries associated
with the superconformal algebra su(2, 2|N). The transformation rules and corresponding invariant
Lagrangians are known for N = 1 and 2 [1, 2]. For the N = 4 theory, the Weyl multiplet and its
full non-linear transformations were determined in [3]. A unique feature of the latter theory is the
presence of scalars fields which parametrize an SU(1, 1)/U(1) coset space. This U(1) factor extends
the SU(4) R-symmetry to the U(4) that is generically present in the algebra [4]. Furthermore,
it was shown that N > 4 theories cannot exist off-shell [5], as they would necessarily involve
higher-spin fields and the supermultiplet would in general not contain the graviton. It is also
worth pointing out that the N ≤ 4 superconformal field representation and the transformation
rules have been worked out in superspace [6].
Although the field representation and its off-shell transformation rules are known, the full non-
linear action for N = 4 conformal supergravity remains to be constructed. Recently, a calculation
was performed based on an on-shell N = 4 abelian gauge theory in a conformal supergravity
background [7]. The integration of the abelian gauge multiplet led to the determination of the
bosonic terms of the superconformal action [8]. These terms comprise the square of the Weyl
tensor and are related to the conformal anomaly, as was discussed long ago in [9]. The resulting
action is invariant under a continuous rigid SU(1, 1) symmetry, which can be explained by the
fact that the gauge theory action has SU(1, 1) as an electric-magnetic duality group.
In this paper we calculate the SU(1, 1) invariant action of N = 4 conformal supergravity
by exploiting the known transformation rules and imposing supersymmetry by iteration. This
computation is of interest since it completes the result of [8] to quadratic order in the fermion
fields. However, we also find that our results do not coincide.
Actually, string theory indicates the existence of an extended class of actions in which the
continuous SU(1, 1) is broken. For instance, in IIA string compactifications on K3 × T 2, the
effective action contains terms quadratic in the Weyl tensor and its dual, multiplied by a modular
function [10]. Further indications arise from the semiclassical approximation of the microscopic
degeneracy formula for dyonic BPS black holes [11, 12, 13], which captures corrections to the
macroscopic entropy originating from the same class of actions. This paper deals exclusively with
the construction of the action invariant under the continuous SU(1, 1).
The paper is organized as follows. Section 2 contains a summary of the N = 4 Weyl multiplet
and its transformation rules. The quadratic action, which serves as the starting point of our
computation, is discussed in section 3. In section 4, we introduce the iterative procedure used
to construct terms of higher-order in the fields. All the terms up to quadratic order in fermions
are presented. Those that contain only matter fields, supercovariant derivatives and curvatures
are discussed and compared to the result of [8] in section 5. The remaining terms which depend
explicitly on the fermionic gauge fields are given in appendix A. Finally, appendix B contains the
Bianchi identities and the transformation rules of the curvatures.
1
2 N = 4 conformal supergravity
N = 4 conformal supergravity [3] is built upon the gauging of the superconformal algebra
su(2, 2|4). Its bosonic subalgebra1 contains the generators of the conformal group SU(2, 2) and
the generators of a chiral SU(4) R-symmetry. The fermionic generators consist of sixteen Q su-
percharges and sixteen S supercharges. In addition, the theory has a non-linearly realised rigid
SU(1, 1) symmetry and a local chiral U(1) symmetry. The latter extends the R-symmetry group
to SU(4) × U(1). The field representation of the theory comprises the gauge fields associated to
the various superconformal symmetries and the local U(1), as well as a set of matter fields. In
this paper, we adopt the conventions of [3], unless stated otherwise.
The bosonic gauge fields associated to the SU(2, 2|4) symmetries are the vierbein eµ
a, the spin
connection ωµ
ab, the dilatational gauge field bµ, the conformal boost gauge field fµ
a and the SU(4)
gauge field Vµ
i
j , while the fermionic ones are the Q- and S-supersymmetry gauge fields ψµ
i and
φµ
i, respectively. Finally, the connection aµ is associated with the local chiral U(1) symmetry.
The complete set of gauge fields of N = 4 conformal supergravity is listed in table 1 along with
their algebraic restrictions, their SU(4) representation, their weight w under local dilatations and
their U(1) chiral weight c.
Table 1: Gauge fields of N = 4 conformal supergravity
Field Symmetries (Generators) Name/Restrictions SU(4) w c
Bosons
eµ
a Translations (P) vierbein 1 −1 0
ωµ
ab Lorentz (M) spin connection 1 0 0
bµ Dilatation (D) dilatational gauge field 1 0 0
Vµ
i
j SU(4) (V) SU(4) gauge field 15 0 0
Vµi
j ≡ (Vµ
i
j)
∗ = −Vµ
j
i
Vµ
i
i = 0
fµ
a Conformal boosts (K) K-gauge field 1 1 0
aµ U(1) U(1) gauge field 1 0 0
Fermions
φµ
i S-supersymmetry (S) S-gauge field 4 12 −
1
2
γ5 φµ
i = −φµ
i
ψµ
i Q-supersymmetry (Q) gravitino; γ5 ψ
i
µ = ψ
i
µ 4 −
1
2 −
1
2
The matter fields of the theory consist of three types of scalar fields φα, Eij ,D
ij
kl, an antisym-
metric tensor Tab
ij and two spin-1/2 fermions Λi, χ
ij
k. We list them in table 2 with their various
algebraic properties, and their representation assignments. The rigid SU(1, 1) indices are denoted
by α, β = 1, 2.
1The optional U(1) central charge is suppressed [4]. Note that it does not correspond to the one of the
SU(1, 1)/U(1) coset space.
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Table 2: Matter fields of N = 4 conformal supergravity
Field Restrictions SU(4) w c
Bosons
φα φ
1 = φ∗1, φ
2 = −φ∗2 1 0 −1
Eij Eij = Eji 10 1 −1
Tab
ij 1
2εab
cdTcd
ij = −Tab
ij 6 1 −1
Tab
ij = −Tab
ji
Dijkl D
ij
kl =
1
4ε
ijmnεklpqD
pq
mn 20
′ 2 0
Dkl
ij ≡ (Dklij)
∗ = Dijkl
Dijkj = 0
Fermions
Λi γ5Λi = Λi 4
1
2 −
3
2
χijk γ5χ
ij
k = χ
ij
k; χ
ij
k = −χ
ji
k 20
3
2 −
1
2
χij j = 0
An element of SU(1, 1) can be written in terms of the doublet of complex scalars φα which
satisfies
φαφα = 1 , (2.1)
where φα ≡ ηαβφ∗β with η
αβ = diag(+1,−1). Therefore, due to the presence of the local U(1),
the scalars parametrise an SU(1, 1)/U(1) coset.
Just as in ordinary gravity where the spin connection is a composite field, the gauge fields ωµ
ab,
fµ
a and φµ
i are expressed in terms of the other ones through a set of conventional constraints on
the superconformal curvatures
R(P )µν
a =0 ,
R(M)µν
abeνb =0 ,
γµR(Q)µν
i =0 . (2.2)
The U(1) gauge field aµ is also composite and solves the supercovariant constraint
φαDµφα = −
1
4 Λ¯
iγµΛi . (2.3)
The derivative Dµ is covariant with respect to all the gauge symmetries. By making use of the
Bianchi identities for the curvatures, the constraints (2.2) lead to an additional set of identities
which are summarised in appendix B. The explicit expressions of R(Q)µν
i and R(S)µν
i are given
in appendix B. We refer to [3] for the other ones.
The independent fields of tables 1 and 2 constitute the full Weyl supermultiplet of N = 4
conformal supergravity which contains 128 + 128 off-shell degrees of freedom. The non-linear
superconformal transformation rules of the fields were derived in [3]. The Q-supersymmetry
transformations2 of the gauge fields read
δQeµ
a = ǫ¯iγaψµi + h.c. ,
2We employed Pauli-Källén conventions where xα equals ix0 for α = 1, so that all gamma matrices are hermitian.
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δQψµ
i =2Dµǫ
i − 12γ
abTab
ijγµǫj + ε
ijkl ψ¯µjǫk Λl ,
δQbµ =
1
2 ǫ¯
iφµi + h.c. ,
δQVµ
i
j = ǫ¯
iφµj + ǫ¯
kγµχ
i
kj −
1
2εjkmnE
ik ǫ¯mψµ
n − 16E
ik ǫ¯jγµΛk
+ 14ε
iklm T ablj ǫ¯kγabγµΛm +
1
3 ǫ¯
iγµ /PΛj
− 14ε
iklpεjmnp ǫ¯
mγaψµk Λ¯lγ
aΛn − (h.c.; traceless) ,
δQaµ =
1
2 iǫ¯iγµ /¯PΛ
i + 14 iEij Λ¯
iγµǫ
j + 18 iεijkl Tab
kl Λ¯iγµγ
abǫj
− 14 i(Λ¯
iγaΛj − δ
i
j Λ¯
kγaΛk) ǫ¯iγ
aψµ
j + h.c. ,
δQωµ
ab = − 12 ǫ¯
iγabφµi + ǫ¯
iγµR(Q)
ab
i − 2T
ab
ij ǫ¯
iψµ
j + h.c. ,
δQfµ
a = − 18eµb ε
abcd ǫ¯iR(S)cd
i − ǫ¯iγµDbR(Q)
ab i − 2Tµb
ij ǫ¯iR(Q)
ab
j
+ h.c.+ [terms ∝ ψµ] ,
δQφµ
i = − 2fµ
aγaǫ
i + 14Tab
ij T cdjk γcdγµγ
abǫk
+ 16
[
γµγ
ab − 3 γabγµ
][
R(V )ab
i
j ǫ
j + 12 iFabǫ
i + 12DaTcd
ijγcdγbǫj
]
+ [terms ∝ ψµ] , (2.4)
while for the matter fields we have
δQφα = − ǫ¯
iΛiεαβφ
β ,
δQP¯a = − ǫ¯
iDaΛi −
1
4 Λ¯iγ
bcTbc
ijγaǫi −
1
2 ǫ¯
iΛi Λ¯
jγaΛj ,
δQΛi = − 2 /¯P ǫi + Eijǫ
j + 12εijkl Tbc
klγbc ǫj ,
δQEij =2 ǫ¯(i /DΛj) − 2 ǫ¯
kχmn(i εj)kmn − Λ¯iΛj ǫ¯kΛ
k + 2 Λ¯kΛ(i ǫ¯j)Λ
k ,
δQTab
ij =2 ǫ¯[iR(Q)ab
j] + 12 ǫ¯
kγabχ
ij
k +
1
4ε
ijkl ǫ¯kγ
cγabDcΛl −
1
6E
k[i ǫ¯j]γabΛk +
1
3 ǫ¯
[iγab /¯PΛ
j] ,
δQχ
ij
k = −
1
2γ
ab /DTab
ijǫk − γ
abR(V )ab
[i
k ǫ
j] − 12ε
ijlm /DEkl ǫm +D
ij
kl ǫ
l
− 16εklmnE
l[iγab
[
Tab
j]nǫm + Tab
mnǫj]
]
+ 12EklE
l[i ǫj] − 12ε
ijlm /¯PγabT
ab
kl ǫm
+ 14γ
aǫn
[
2 εijlnχ¯mlk − ε
ijlmχ¯nlk
]
γaΛm +
1
4ǫ
[i
[
2 Λ¯j] /DΛk + Λ¯k /DΛ
j]
]
− 14γ
abǫ[i
[
2 Λ¯j]γaDbΛk − Λ¯kγaDbΛ
j]
]
− 512ε
ijlmΛm ǫ¯l
[
EknΛ
n − 2 /PΛk
]
+ 112ε
ijlmΛm ǫ¯k
[
ElnΛ
n − 2 /PΛl
]
− 12γ
abTab
ijγcǫ[k Λ¯
lγcΛl]
− 12γ
abTab
l[iγcǫ[k Λ¯
j]γcΛl] +
1
2ǫ
[iΛ¯j]Λm Λ¯kΛm − (traces) ,
δQD
ij
kl = − 4ǫ¯
[i /Dχj]kl + εklmn ǫ¯
[i
[
− 2Ej]pχmnp +
1
2γ
abTab
mn
↔
/D Λj] + 13E
j]mEnpΛp
− 23 /¯PΛ
mEj]n + 12γ
abTab
mnΛp Λ¯
j]Λp
]
+ ǫ¯[i
[
2 γaχmkl Λ¯
j]γaΛm + 2 /¯P γabT
ab
kl Λ
j] + 23Λ[kEl]m Λ¯
j]Λm + 16γ
ab /PΛj] Λ¯kγabΛl
]
+ εijmn ǫ¯p T abkl
[
2Tab npΛm + TabmnΛp
]
+ (h.c.; traceless) . (2.5)
where ǫi is the Q-supersymmetry parameter and where Dµ is covariant with respect to the all the
bosonic symmetries except the conformal boosts. For instance, we have
Dµǫ
i =
[
∂µ −
1
4ωµ
abγab +
1
2(bµ + iaµ)
]
ǫi − Vµ
i
j ǫ
j ,
4
Dµη
i =
[
∂µ −
1
4ωµ
abγab −
1
2(bµ − iaµ)
]
ηi − Vµ
i
j η
j , (2.6)
where we introduced the S-supersymmetry parameter ηi. Note that, contrary to [3], the U(1)
gauge field is real.
In (2.4), we introduced the supercovariant U(1) field strength Fµν and the complex vector Pµ
Pµ = εαβφ
αDµφ
β ,
P¯µ = − ε
αβφαDµφβ , (2.7)
with ε12 = ε
12 = +1. The S-supersymmetry transformations of the fields are
δSeµ
a =0 ,
δSψµ
i = − γµη
i
δSbµ = −
1
2 ψ¯µ
i ηi + h.c. ,
δSVµ
i
j = −
[
ψ¯µ
iηj −
1
4δ
i
j ψ¯µ
kηk
]
− h.c. ,
δSaµ =0 ,
δSωµ
ab = 12 ψ¯µ
iγabηi + h.c. ,
δSfµ
a = 12 η¯iγ
aφµ
i − 14 η¯iR(Q)µ
a i + 112 η¯iγ
bcTbc
ijγaψµj + h.c. ,
δSφµ
i =2Dµη
i − 16γµγ
abTab
ijηj +
1
2ε
ijklη¯kΛlψµj ,
δSφα =0
δSP¯a = −
1
2 η¯
iγaΛi ,
δSΛi =0 ,
δSEij =2 η¯(iΛj) ,
δSTab
ij = − 14ε
ijkl η¯kγabΛl ,
δSχ
ij
k =
1
2Tab
ij γabηk +
2
3δ
[i
k Tab
j]l γabηl −
1
2ε
ijlmEkl ηm −
1
4 Λ¯kγ
aΛ[iγaη
j]
+ 112δ
[i
k
[
Λ¯lγ
aΛlγaη
j] − Λ¯lγ
aΛj] γaη
l
]
,
δSD
ij
kl =0 . (2.8)
As is clear from (2.4), (2.5) and (2.8), the coset space sector of the theory can be entirely
described in terms of Pµ and Fµν . In what follows, we will make use of these SU(1, 1) invariant
quantities rather than the scalars φα. Note also that Pa has Weyl weight w = 1 and is invariant
under K-transformations. We finally present several identities which will be useful in the next
sections. Using (2.3) and (2.7), one can respectively derive
εβγDaφ
βDbφ
γ =2φαD[aφ
αεβγφ
βDb]φ
γ = 12 Λ¯
iγ[aΛiPb] ,
Daφ
αDbφα = − PaP¯b −
1
16 Λ¯
iγaΛiΛ¯
jγbΛj . (2.9)
It follows that
Fab =2iP¯[aPb] −
1
2 i
[
Λ¯iγ[aDb]Λi − h.c.
]
, (2.10)
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D[aP¯b] =
1
2 Λ¯iγ[aΛ
iP¯b] +
1
4 Λ¯iR(Q)ab
i , (2.11)
which are the supersymmetric generalisations of the Maurer-Cartan equations associated with the
coset space SU(1, 1)/U(1).
3 The quadratic action
In this section, we present the part of the action which is quadratic in the fields. It will be the
starting point for the iterative procedure presented in section 4, which we will use to generate
terms of higher-order in the fields. The action will be constructed such that all the derivatives and
curvatures that appear are fully supercovariantized with respect to all the gauge transformations
(bosonic as well as fermionic). Hence, we must insist that, throughout the paper, our counting of
the fields always excludes the gauge fields which are implicitly contained within the supercovariant
derivatives and curvatures.
The quadratic Lagrangian of N = 4 conformal supergravity reads
e−1LQ =
1
2R(M)
abcdR(M)−abcd +R(V )
ab i
jR(V )
− j
ab i
− 4T ijab D
aDcT
cb
ij +
1
4EijD
2Eij +
1
8
D klij D
ij
kl
− 2 P¯ a
[
DaD
bPb +D
2Pa
]
− 2DaP bDaP¯b −D
aPaD
bP¯b
+ R¯(Q)ab
iR(S)abi − χ¯
ij
k 6Dχ
k
ij −
1
2 Λ¯i
(
D2 6D+ 6DD2− 6D3
)
Λi + h.c. , (3.1)
with e = det[eµ
a] and where the (anti)self-dual part of a generic second rank tensor Rab is defined
as R±ab =
1
2 [Rab ±
1
2εabcdR
cd]. The expression (3.1) corresponds to the real part of the chiral
invariant of the linearized theory given in [3]. The imaginary part of the chiral invariant is a total
derivative.
The structures of the quadratic terms are uniquely fixed by requiring invariance under U(1),
SU(4) and Lorentz symmetry, while the number of derivatives in each term is fixed by Weyl
invariance. At the level of the action, the derivatives can be moved around using integration
by parts at the expense of higher-order terms in the fermions. However, requiring K-invariance
(i.e. under conformal boosts) fixes the position of the derivatives. Under these conditions, the
quadratic terms for the fields Eij , Tab
ijand Λi are uniquely determined. The case of the vectors
Pµ is more subtle and will be discussed below.
The relative coefficients between the different quadratic terms are fixed by requiring Q-
supersymmetry invariance at quadratic order in the fields. The K-invariance of the quadratic
terms involving the vectors Pµ is not straightforward. Out of the four possible terms, all appear-
ing in the Lagrangian (3.1), none is K-invariant. The two terms in which both derivatives act
on the same field should not be treated as independent. Indeed, only their sum is relevant at
quadratic order since their difference
D2Pa −DaD
bPb = D
bD[bPa] + [D
b,Da]Pb , (3.2)
6
is of higher-order in the fields due to (2.11). An arbitrary combination of the remaining three
independent quadratic terms is generically not K-invariant. However, when considering the unique
combination appearing in (3.1), one finds that it is K-invariant up to a term of higher-order in
the fields
δK
[
2 P¯ a
(
DaD
bPb +D
2Pa
)
+ 2DaPbD
aP¯ b +DaP
aDbP¯
b + h.c.
]
= 4ΛKa P¯bD
[bP a] + h.c. . (3.3)
Here ΛKa is the K-transformation parameter. We should emphasise that, at this point, requiring
K-invariance of each of the supercovariant terms in the Lagrangian is not necessary. The advantage
of imposing such a condition already at the level of the quadratic action is that terms with an
explicit K-gauge field f aµ will not have to be introduced when deriving the interaction terms. This
will be explained in section 4.
Finally, it is important to emphasize that in this paper, we will exclusively consider the real
part of the chiral invariant. Without this reality condition, the K-variation of the kinetic terms
for Pµ is not of higher-order in the fields anymore and consequently, one is forced to introduce
explicit K-gauge fields.
4 Building up higher-order terms
In this section, we present the iterative procedure used to construct the supersymmetric comple-
tion of the quadratic Lagrangian (3.1). The non-linearity of the supersymmetry transformations
rules will require us to add successive layers of terms of higher-order in the fields to the Lagrangian.
The higher-order terms will be chosen such that their supersymmetry variations precisely cancel
against the variations of the pre-existing lower-order terms. Ultimately, this program terminates
when all the necessary terms have been added such that the Lagrangian is fully invariant un-
der supersymmetry. Requiring Q-supersymmetry invariance turns out to be enough to ensure
invariance under all the symmetries of N = 4 conformal supergravity. This is due to the specific
superalgebra obeyed by the different generators [3]. Indeed, the commutator of two infinitesimal
Q-supersymmetry transformations yields the full set of superconformal transformations including
the U(1) transformation.
4.1 Structure of the full Lagrangian
This supersymmetrization procedure is unambiguous, yet lengthy, and provided sufficient compu-
tational efforts are invested it is guaranteed to give the full off-shell superconformal invariant. In
practice however, the computation rapidly becomes unmanageable due to the rich field content
and the non-linearity of the transformation rules. Therefore it becomes essential to systematise
the work by making use of certain structure patterns appearing in the computation. Hence, we
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argue3 that the full Lagrangian can be written in the following form
L = L0 + ψLψ + φLφ + ψ
2Lψ2 + ψφLψφ + φ
2Lφ2 + ψ
3Lψ3 + ψ
2φLψ2φ + ψ
4Lψ4 , (4.1)
where here, ψ and φ schematically denote the gravitino and the S-gauge field, respectively. The
quantities L0,Lψ,Lφ,Lψ2 ,Lφ2 ,Lψφ, Lψ3 , Lψ2φ, Lψ4 only depend on supercovariant fields, i.e.
matter fields, supercovariant curvatures and their supercovariant derivatives. Note that the terms
of lowest-order in the fields in L0 correspond to the quadratic Lagrangian (3.1). Consequently,
the other supercovariant quantities in (4.1) are at least of quadratic order in the fields.
The expression (4.1) only contains terms up to four explicit gauge fields (ψ or φ). This
can be understood as follows. Under an infinitesimal Q-supersymmetry variation (Q-variation),
a gravitino transforms into the gradient of the Q-supersymmetry parameter. In order for this
variation to be subsequently canceled, it first has to be integrated by parts such that when the
derivative hits any of the other explicit gauge fields, it yields a curvature (Q or S). This requires
the explicit gauge fields to appear fully anti-symmetrized in their vector indices and therefore rules
out the possibility of terms with more than four explicit gauge fields. The same reasoning holds
for an infinitesimal S-supersymmetry variation acting on φ. However, for our current analysis
the terms with more than two explicit gauge fields are not required since we are only looking
to construct the Lagrangian up to quadratic order in the fermion fields. We will therefore not
attempt to derive them explicitly.
The Weyl weights of ψ and φ restrict the order of the possible terms appearing in the various
quantities L0,Lψ, . . .. For instance, based on the fact that the field Λi has the lowest Weyl
weight, one expects the terms of L0 to be at most of eigth-order in Λi without any derivatives.
Weyl invariance also rules out terms with more than two S-gauge fields. Furthermore, terms with
two φ’s and one ψ do not appear in (4.1) as the Weyl weight of their associated supercovariant
factor does not allow for more than one covariant field. For the same reason, terms with three ψ’s
and one φ are not present. Because of the Weyl weight of φ, the term φ2Lφ2 will be of higher-order
in the fermion fields4.
Finally, in order to write the full Lagrangian as in (4.1), we assumed that there are no terms
containing explicit K-gauge fields. Because of its Weyl weight, the K-gauge field f could only
schematically appear within terms of the form fLf and ψfLψf where Lf ,Lψf are supercovariant.
However, some parts of the S-supersymmetry variations of these two terms would necessarily
have to cancel against each other, and consequently the absence of one implies the absence of
the other. Since the first one could only arise to compensate for the lack of K-invariance of L0,
it means that a K-invariant L0 prohibits the appearance of explicit K-gauge fields throughout
the full Lagrangian. In section 3, we have written the quadratic part of L0 in such a way that
it is K-invariant at quadratic order in the fields. As will be clear from our results in section 5,
3This is inspired by the approaches of [14, 15].
4If φ2Lφ2 would contain terms which are quadratic in the fermions, then for our purposes Lφ2 would have to
be purely bosonic. This possibility is again ruled out by the Weyl weight of the bosonic fields.
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the completion of L0 to higher-order in the fields is K-invariant and therefore there will be no
deviation from the structure (4.1).
Finally, it is clear that the expression (4.1) cannot capture accurately the structure of the full
chiral invariant. Indeed, as was discussed in section 3, the latter involves explicit K-gauge fields.
4.2 Constructing the interaction terms
In this subsection, we outline the iterative procedure used to construct the various supercovariant
quantities appearing in the schematic expression (4.1) of the full N = 4 conformal supergravity
Lagrangian. To this purpose, let us first write a part of (4.1) with explicit indices
L =L0 +
[
1
2
ψ¯a
iLψ
a
i +
1
2
φ¯a
iLφ
a
i +
1
4
ψ¯b
iLψ2
ab
ijψa
j +
1
4
ψ¯biLψ2
ab i
jψa
j
+
1
2
ψ¯b
iLψφ
ab
ijφa
j +
1
2
ψ¯biLψφ
ab i
jφa
j + h.c.
]
. (4.2)
Since we are only interested in the Lagrangian up to quadratic order in the fermion fields, we
have truncated the full Lagrangian to the above expression. For the same reason, L0 is restricted
to terms up to quadratic order in the fermions, while Lψ
a
i,Lφ
a
i and Lψ2
ab
ij ,Lψ2
ab i
j,Lψφ
ab
ij,Lψφ
ab i
j
are only linear in the fermions and purely bosonic5, respectively. Note also that, as discussed in
section 4.1, the last four quantities are antisymmetric in their vector indices.
In what follows, we will work at specific orders in the supercovariant fields. To this purpose,
we define L(n)0 ,L
(n)
ψ
a
i,L
(n)
φ
a
i,L
(n)
ψ2
ab
ij ,L
(n)
ψ2
ab i
j and L
(n)
ψφ
ab
ij,L
(n)
ψφ
ab i
j which contain the terms of order
n in the supercovariant fields of the quantities appearing in (4.1). They will be constructed by
requiring that the various Q-variations of order n vanish. These variations naturally arise from
terms of order n in the Lagrangian but also from terms of lowest-order. Therefore, each layer of
computation relies on the previous ones. Consequently, all the terms at order n < m have to be
constructed before the terms of order m. Furthermore, we can systematically restrict ourselves to
variations which are linear in the fermion fields since we are only looking to derive the terms in
the Lagrangian up to quadratic order in the fermions.
In order to explain how the Q-variations at a specific order cancel against each other, we
compute below the Q-variations of the various terms appearing in the Lagrangian at order n. To
this purpose, we introduce the symbols δK|fa , δQ|ψa and δS|φa which denote gauge transformations
where the parameters are replaced by the associated gauge fields. Additionally, we define δ(cov)Q as
the supercovariant part of a Q-variation. In what follows, we insist that all the variations which
are of cubic order, or more than cubic order, in the fermions (gauge and matter fields) will be
suppressed.
δQL
(n)
0 ∼ [δQe]e
−1L(n)0 + e δQ[e
−1L(n)0 ] , (4.3)
1
2δQ[φ¯a
iL(n)φ
a
i + h.c.] ∼ fa
bǫ¯iγbL
(n)
φ
a
i +
1
2 [δ
(cov)
Q φ¯a
i]L(n)φ
a
i +
e
2 φ¯a
iδQ[e
−1L(n)φ
a
i] + h.c. , (4.4)
1
2δQ[ψ¯a
iL(n)ψ
a
i + h.c.] ∼ Daǫ¯
iL(n)ψ
a
i −
1
4 ǫ¯jγaγ · T
ijL(n)ψ
a
i +
e
2 ψ¯a
iδQ[e
−1L(n)ψ
a
i] + h.c.
5They contain only bosonic fields but they are still matrices in the spinor space.
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∼ −e ǫ¯iDa[e
−1L(n)ψ
a
i]− ǫ¯
iδK|faL
(n)
ψ
a
i −
e
2 ǫ¯
iδQ|ψa [e
−1L(n)ψ
a
i]
− e2 ǫ¯
iδS|φa [e
−1L(n)ψ
a
i]−
1
4 ǫ¯jγaγ · T
ijL(n)ψ
a
i +
e
2 ψ¯a
iδQ[e
−1L(n)ψ
a
i]
+ h.c. , (4.5)
where in (4.5), we dropped a total derivative. Note that the term involving the field Tab
ij comes
from the covariant part of the variation of ψa
i. It will appear similarly in the subsequent variations.
We continue with
1
4δQ[ψ¯b
iL(n)
ψ2
ab
ijψa
j + ψ¯biL
(n)
ψ2
ab i
jψa
j + h.c.]
∼ [Dbǫ¯
i]L(n)
ψ2
ab
ijψa
j + [Dbǫ¯
i]L(n)
ψ2
ab i
jψa
j
− 14 [ǫ¯kγbγ · T
ikL(n)
ψ2
ab
ijψa
j + ǫ¯kγbγ · TikL
(n)
ψ2
ab i
jψa
j ] + h.c.
∼ −e ǫ¯iDb[e
−1L(n)
ψ2
ab
ij]ψa
j − e ǫ¯iDb[e
−1L(n)
ψ2
ab i
j]ψa
j
− ǫ¯i[δK|fb
L(n)
ψ2
ab
ij ]ψa
j − ǫ¯i[δK|fb
L(n)
ψ2
ab i
j ]ψa
j
− 12
[
ǫ¯iL(n)
ψ2
ab
ij + ǫ¯iL
(n)
ψ2
ab i
j
][
γbφa
j +R(Q)ba
j + 12γ · T
jkγbψak
]
− 14 [ǫ¯kγbγ · T
ikL(n)
ψ2
ab
ijψa
j + ǫ¯kγbγ · TikL
(n)
ψ2
ab i
jψa
j ] + h.c. , (4.6)
where we have again dropped a total derivative. In the sixth line, we have used that L(n)
ψ2
ab
ij,L
(n)
ψ2
ab i
j
are antisymmetric in their vector indices and we have rewritten the curl of the gravitino making
use of the explicit expression of R(Q)ab
i given in (B.3). Finally, we have
1
2δQ[ψ¯b
iL(n)ψφ
ab
ijφa
j + ψ¯biL
(n)
ψφ
ab i
jφa
j + h.c.]
∼ [Dbǫ¯
i]L(n)ψφ
ab
ijφa
j + [Dbǫ¯i]L
(n)
ψφ
ab i
jφa
j
− 14 [ǫ¯kγbγ · T
ikL(n)ψφ
ab
ijφa
j + ǫ¯kγbγ · TikL
(n)
ψφ
ab i
jφa
j]
− ψ¯b
iL(n)ψφ
ab
ijγc ǫ
jfb
c − ψ¯biL
(n)
ψφ
ab
ijγc ǫ
jfb
c + 12 [ψ¯b
iL(n)ψφ
ab
ij + ψ¯biL
(n)
ψφ
ab i
j]δ
(cov)
Q φa
j + h.c.
∼ −e ǫ¯iDb[e
−1L(n)ψφ
ab
ij ]φa
j − e ǫ¯iDb[e
−1L(n)ψφ
ab i
j ]φa
j
− 14 [ǫ¯kγbγ · T
ikL(n)
ψ2
ab
ijφa
j + ǫ¯kγbγ · TikL
(n)
ψ2
ab i
jφa
j]
− ψ¯b
iL(n)ψφ
ab
ijγc ǫ
jfb
c − ψ¯biL
(n)
ψφ
ab
ijγc ǫ
jfb
c + 12 [ψ¯b
iL(n)ψφ
ab
ij + ψ¯biL
(n)
ψφ
ab i
j]δ
(cov)
Q φa
j
− 12
[
ǫ¯iL(n)ψφ
ab
ij + ǫ¯iL
(n)
ψφ
ab i
j
][
R(S)ba
j − 2γcψa
jfb
c + 16γbγ · T
jkφak − δ
(cov)
Q|ψa
φb
j
]
+ h.c. (4.7)
where after dropping a total derivative, we used in the last line that L(n)ψφ
ab
ij,L
(n)
ψφ
ab i
j are antisym-
metric in their vector indices. This allowed us to rewrite the curl of the S-gauge field through the
expression of R(S)ab
i given in (B.4). Note that we have also used δKL
(n)
ψφ
ab
ij = δKL
(n)
ψφ
ab i
j = 0.
This is because n ≥ 2, and in our case, L(n)ψφ
ab
ij ,L
(n)
ψφ
ab i
j are bosonic quantities with Weyl weight 2.
We now present in detail how the different variations appearing in (4.3)–(4.7) cancel each other
out up to order n in the supercovariant fields. The purely supercovariant variations must cancel
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as
1
2
n∑
k=2
δQ
(
e−1L
(k)
0
)
− 14 ǫ¯jγaγ.T
ij
n−1∑
k=2
(
e−1L(k)ψ
a
i
)
+ 12
[
δ(cov)Q φ¯a
i
] n−1∑
k=1
(
e−1L(k)φ
a
i
)
− 12 ǫ¯
i
n−1∑
k=2
(
e−1L(k)
ψ2
ab
ij
)
R(Q)ba
j − 12 ǫ¯i
n−1∑
k=2
(
e−1L(k)
ψ2
abi
j
)
R(Q)ba
j
− 12 ǫ¯
i
n−1∑
k=2
(
e−1L(k)ψφ
ab
ij
)
R(S)ba
j − 12 ǫ¯i
n−1∑
k=2
(
e−1L(k)ψφ
abi
j
)
R(S)ba
j + h.c.
=
[
ǫ¯iDa
n∑
k=2
(
e−1L(k)ψ
a
i
)
+ h.c.
]
+O(n+ 1) , (4.8)
where O(n+1) denote variations whose number of supercovariant fields is equal to or greater than
n+ 1. We carry on with the variations containing an explicit K-gauge field. They have to satisfy
fa
bǫ¯iγb
n∑
j=2
L(k)φ
a
i − ǫ¯
iδK|fa
n∑
k=2
L(k)ψ
a
i + h.c. = O(n+ 1) . (4.9)
The variations containing an explicit gravitino must satisfy
1
2 [δQe]
n∑
k=2
(
e−1L
(k)
0
)
− e2 ǫ¯
iδQ|ψa
n∑
k=2
(
e−1L(k)ψ
a
i
)
+ e2 ψ¯a
iδQ
n∑
k=2
(
e−1L(k)ψ
a
i
)
− 14 ǫ¯iγbγ.T
ji
n−1∑
k=2
(
L(k)
ψ2
ab
jl
)
ψa
l − 14 ǫ¯
iγbγ.Tji
n−1∑
k=2
(
L(k)
ψ2
abj
l
)
ψa
l
− 14 ǫ¯
i
n−1∑
k=2
(
L(k)
ψ2
ab
ij
)
γ.T jlγbψal −
1
4 ǫ¯i
n−1∑
k=2
(
L(k)
ψ2
abi
j
)
γ.T jlγbψal
+ 12 ψ¯bi
n−1∑
k=2
(
L(k)ψφ
abi
j
)
δ(cov)Q φa
j + 12 ψ¯b
i
n−1∑
k=2
(
L(k)ψφ
ab
ij
)
δ(cov)Q φa
j
+ 12 ǫ¯i
n−1∑
k=2
(
L(k)ψφ
abi
j
)
δ(cov)
Q|ψa
φb
j + 12 ǫ¯
i
n−1∑
k=2
(
eL(k)ψφ
ab
ij
)
δ(cov)
Q|ψa
φb
j + h.c.
= e
[
ǫ¯iDb
n∑
k=2
(
e−1L(k)
ψ2
ab
ij
)
ψa
j + ǫ¯iDb
n∑
k=2
(
e−1L(k)
ψ2
abi
j
)
ψa
j + h.c.
]
+O(n+ 1) . (4.10)
We continue with the variations containing a bare S-gauge field
− 12 ǫ¯
iδS|φa
n∑
k=2
(
e−1L(k)ψ
a
i
)
+ 12 φ¯a
iδQ
n∑
k=2
(
e−1L(k)φ
a
i
)
− 12 ǫ¯
i
n∑
k=2
(
e−1L(k)
ψ2
ab
ij
)
γbφa
j − 12 ǫ¯i
n∑
k=2
(
e−1L(k)
ψ2
abi
j
)
γbφa
j
− 112 ǫ¯
i
n−1∑
k=2
(
e−1L(k)ψφ
ab
ij
)
γbγ.T
jlφal −
1
12 ǫ¯i
n−1∑
k=2
(
e−1L(k)ψφ
abi
j
)
γbγ.T
jlφal
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− 14 ǫ¯jγbγ.T
ij
n−1∑
k=2
(
e−1L(k)ψφ
ab
il
)
φa
l − 14 ǫ¯
jγbγ.Tij
n−1∑
k=2
(
e−1L(k)ψφ
abi
l
)
φa
l + h.c.
=
[
ǫ¯iDb
n∑
k=2
(
e−1L(k)ψφ
ab
ij
)
φa
j + ǫ¯iDb
n∑
k=2
(
e−1L(k)ψφ
ab i
j
)
φa
j + h.c.
]
+O(n+ 1) . (4.11)
The Lagrangian (4.2) is build iteratively using the equations (4.8)-(4.11). The first step of
the iterative procedure starts at the lowest-order, i.e. at n = 2. At this point, the left-hand
side of equation (4.8) obviously only contains the first term and the expression of L(2)0 is already
know as it corresponds to the quadratic Lagrangian given in (3.1). This allows us to derive L(2)ψ
a
i.
Subsequently, L(2)φ
a
i and L
(2)
ψ2
ab
ij ,L
(2)
ψ2
ab i
j are determined
6 by imposing (4.9) and (4.10), respectively.
This, in turn, allows to compute L(2)ψφ
ab
ij and L
(2)
ψφ
ab i
j from (4.11).
At the (n− 1)th iteration step, we consider the cancellation of the supersymmetry variations
of order n in the supercovariant fields. We start with equation (4.8), where every term on the left-
hand side is known from previous iterations, except for L
(n)
0 . At this stage, one has to determine
L
(n)
0 so that the whole left-hand side cancels at order n up to a total supercovariant derivative. The
quantity on which the derivative acts upon is then L(n)ψ
a
i. This will then lead to L
(n)
φ
a
i, L
(n)
ψ2
ab
ij ,
L(n)
ψ2
abi
j , L
(n)
ψφ
ab
ij and L
(n)
ψφ
abi
j by solving the equations (4.9), (4.10) and (4.11). It is important to
mention that at every step of the iteration, the equations (4.8)–(4.11) should be solved one after
the other as each equation requires an input obtained by solving the previous one. In this way,
we build all the terms of the Lagrangian (4.2) up to quadratic order in the fermion fields.
5 Results and discussion
In this section, we present all the supercovariant terms of the N = 4 conformal supergravity
Lagrangian up to quadratic order in the fermion fields, obtained through the iterative procedure
presented in section 4. For the reader’s convenience, the interactions involving explicit gauge fields
are given in appendix A.
In section 4, we argued the Lagrangian takes the form (4.1). Within this scheme, the purely
supercovariant terms at all order in the fields, bosonic or fermionic, are cast within the quantity
denoted by L0. Let us now split L0 into
L0 = LQ + LB + LF + . . . , (5.1)
where LQ, LB and LF are respectively the quadratic Lagrangian (3.1), all the purely bosonic
supercovariant interaction terms and the supercovariant interaction terms quadratic in the fermion
fields. Here, the dots denote terms which are quartic, sextic and octic in the fermion fields and
which, therefore, are outside of the scope of this paper.
We first recall the quadratic Lagrangian
e−1L0 =
1
2R(M)
abcdR(M)−abcd +R(V )
ab i
j R(V )ab
− j
i
6We actually find that L(2)φ
a
i vanishes. This is because L
(2)
ψ
a
i turns out to be K-invariant.
12
− 4Tab
ij DaDcT
cb
ij +
1
4Eij D
2Eij + 18Dij
klDkl
ij
− 2 P¯ a
[
DaD
bPb +D
2Pa
]
− 2DaP bDaP¯b −D
aPaD
bP¯b
+ R¯(Q)ab
iR(S)abi − χ¯
ij
k 6Dχ
k
ij −
1
2 Λ¯i
(
D2 6D+ 6DD2− 6D3
)
Λi + h.c. , (5.2)
which was discussed in section 3 and served as the basis for the iterative procedure.
The bosonic interaction terms at all order in the fields are
e−1LB =
1
3P
a P¯a P
b P¯b + P
a Pa P¯
b P¯b
− 116Eij E
jk EklE
li + 148
[
Eij E
ij
]2
− 16Eij E
ij P a P¯a − 8T
ab ij Tbc ij Pa P¯
c
+ T ab ij Tab
kl Tcd ij T
cd
kl − T
ab ik Tab
jl Tcd ij T
cd
kl
+ εijkl T abij EkmR(V )ab
m
l
− εijklP¯ c [4DaT
ab
ij Tbc kl −DcT
ab
ij Tab kl]
− 18εijkl εmnpq T
ab ij Tab
mn EkpElq + h.c. , (5.3)
which involve cubic and quartic terms in the fields. Quintic terms are forbidden due to the Weyl
weights of the bosons.
The interaction terms which are quadratic in the fermion fields read
e−1LF =
1
4εijklχ¯
ij
mγ · T
kl 6DΛm − 14εijklχ¯
ij
mγ · T
kl←−6DΛm
− 12εijklχ¯
ij
mχ
kl
nE
mn − 34ε
ijklR¯(Q)i· 6DTjkΛl −
3
2ε
ijklR¯(Q)i
←−
6D · TjkΛl
+ 2DaΛ¯iR(Q)abiP¯
b + 12 Λ¯jγ
bΛiDaR(V )ab
j
i + ε
ijklχ¯mnlΛiTmn · Tjk
+ χ¯ijkγ
aγ · TijΛ
kP¯a +
1
6εijklχ¯
ij
mΛnE
mkEln − 13εijklχ¯
ij
mγ
aΛkEmlP¯a
− 112 Λ¯i 6DΛ
iEjkE
jk + 13 Λ¯i 6DΛ
jEjkE
ki − 16 Λ¯iγ
aΛjDaEjkE
ki + 56 Λ¯iΛjDaE
ijP a
+ 23 Λ¯iΛjE
ijDaP
a + 13 Λ¯iγ
abDaΛjE
ijPb +
4
3 Λ¯iγaDbΛ
iP¯ bP a − 16 Λ¯iγaΛ
iDbP¯
aP b
− 16 Λ¯iγaΛ
iDbP¯
bP a + 23 Λ¯i 6DΛ
iPbP¯
b + 43ε
abcdΛ¯iγaDbΛ
iP¯cPd − 2DaΛ¯iγ
cΛiT abjkTcb
jk
− 2 Λ¯iγ
cΛiDaT
ab
jkTcb
jk + 2DaΛ¯iγ
cΛjT abjkTcb
ik + 2 Λ¯iγ
cΛjDaT
ab
jkTcb
ik
− 23ε
ijklΛ¯iD
aΛjTabklP
b + εijklΛ¯iγ
abΛjDaTbcklP
c + 23ε
ijklΛ¯iγ
abΛjTbcklDaP
c
− 23ε
ijklDaΛ¯iγ
bΛmEmjTabkl + εijklΛ¯mγ
bΛiDaEjmTab
kl + 13εijklΛ¯mγ
bΛiEjmDaTab
kl
− 18ε
klmnΛ¯iΛjTkl · TmnE
ij + 16ε
klmnΛ¯kΛiTjl · TmnE
ij + 23 Λ¯iγ
aΛjEjkTab
kiP b
− 13 Λ¯iγ
abΛjTab
ijP cPc −
1
12εjklmΛ¯iγ
aΛiT jk · T lmPa + h.c. . (5.4)
They involve cubic, quartic and quintic terms in the fields. Note that there are no terms of sextic,
septic or octic order in the fields as, due to the restrictions on the Weyl weights, these would be of
higher-order in the fermion fields. Finally, (5.2), (5.3) and (5.4) are SU(1, 1) invariant and their
sum is K-invariant.
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As we already mentioned in section 1, the bosonic part of the N = 4 conformal supergravity
Lagrangian has been derived in [8]. Because it was obtained in a different set of conventions, we
have converted their result in the conventions of the present paper to facilitate the comparison
with our results. In particular, this requires to covariantize the curvatures and derivatives with
respect to the conformal boosts and to switch to a different parametrisation of the coset space.
Up to a Gauss-Bonnet term, the Lagrangian in [8] is then equivalent to
e−1L = 12R(M)
abcd R(M)−abcd +R(V )
ab i
j R(V )ab
− j
i
− 4Tab
ij DaDcT
cb
ij +
1
4Eij D
2Eij + 18Dij
klDkl
ij
− 2 P¯ a
[
DaD
bPb +D
2Pa
]
− 2DaP bDaP¯b −D
aPaD
bP¯b
+ 43P
a P¯a P
b P¯b + P
a Pa P¯
b P¯b
− 124Eij E
jk EklE
li
+ 112EijE
ij P aP¯a − 4T
ab ij Tbc ij Pa P¯
c
+ 512Tab
ij T ab kl T cdij T
cd kl + 16T
ab ik Tab
jl Tcd ij T
cd
kl + h.c. . (5.5)
We now compare the above expression with (5.3) and the bosonic part of (5.2).
Clearly, the quadratic Lagrangians agree as the first three lines of (5.5) coincide with the
bosonic part of (5.2). We note, however, a number of differences when comparing interaction
terms. The most obvious one is perhaps the presence of terms cubic in the fields in our results
while none appear in (5.5). Further differences concern the quartic terms in the fields. Indeed,
the last term of the second line and the last line in (5.3) are not present in (5.5). Moreover, none
of the coefficients of the remaining terms match.
When truncated to N = 2, the result of [8] is consistent with the known non-linear Lagrangian
of N = 2 conformal supergravity [3]. As it turns out, we find that our results also yield the correct
N = 2 Lagrangian upon truncation. However, one must note that for the bosonic action, most of
the fields simply disappear in the truncation process. Indeed, there are no N = 2 descendants of
the fields Pµ and E
ij . For this reason, the only comparison at the N = 2 level that can be made
of the bosonic sectors concerns the relative coefficient between the kinetic term and the quartic
interactions of the field Tab
ij. It is surprising that while both results agree at the N = 2 level,
such striking differences are present in the full N = 4 setting.
As should be clear from the iterative procedure that was used in this paper, the consistency
of each term in our result relies on the consistency of many other terms. Therefore, our compu-
tation passes a multitude of crosschecks. It should also be noted that all the terms in our result
correspond to possible Feynman diagrams of the gauge theory [7] with logarithmically divergent
contributions.
Note added: After submitting this paper to the arXiv, it was found that several terms were
missed in the last stages of the computation of [8]. The authors of [8], in particular A. Tseytlin,
were kind enough to confirm this observation. Once repaired, these omissions precisely match
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with the corresponding terms in (5.3).
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A Terms with explicit fermionic gauge fields
In this section, we present all the terms at quadratic order in the fermion fields which contain
explicit fermionic gauge fields. Therefore, we give the expression for the supercovariant quantities
Lψ
a
i , Lφ
a
i , Lψ2
ab
ij , Lψ2
ab i
j , Lψφ
ab
ij , Lψφ
ab i
j , (A.1)
which, as described in (4.2), appear in the Lagrangian coupled to bare fermionic gauge fields. For
the purpose of this paper, we can restrict ourselves to the terms in Lψ
a
i and Lφ
a
i which are linear in
fermions. Likewise, it is enough to only consider the bosonic terms in Lψ2
ab
ij,Lψ2
ab i
j ,Lψφ
ab
ij,Lψφ
ab i
j .
Let us first consider Lψ
a
i which is contracted with a gravitino in the Lagrangian. For the
reader’s convenience, we split this quantity into
Lψ
a
i = L
(2)
ψ
a
i + L
(3)
ψ
a
i + L
(4)
ψ
a
i + . . . , (A.2)
where L(2)ψ
a
i,L
(3)
ψ
a
i and L
(4)
ψ
a
i are quadratic, cubic and quartic in the fields, respectively. Due
to Weyl weight restrictions, the dots denote terms which are of higher-order in fermions. The
quadratic part reads
e−1L(2)ψ
a
i = γ
aχljkD
jk
li +
1
2γ
aγ · Tjk 6Dχ
jk
i + 2γ
aR(Q)cdjR(V )
cdj
i +
1
2γ
aγebR(Q)cdiR(M)
ebcd
− 2γaR(S)cd
jT cdij − ǫijklγ
aγbdΛ
jDbDcT
cdkl + 12ǫijklγ
a 6DχjkmE
lm + 12γ
aΛjD2Eij
+ γa
[ (
Dd 6D+ 6DDd + γdD
2
)
Λi
]
P d + 12γ
aγdΛi
[
DdDbP
b +D2Pd
]
+ γa 6DΛiDdP
d
+ 2γaγdDbΛiD(dPb) + γ
aγ · R(V )jkχ
k
ij , (A.3)
while the cubic part is
e−1L(3)ψ
a
i = −
1
2γ
aχkjiEklE
lj − γbR(Q)i · TjkT
ab jk − 6 γbR(Q)k · TijT
ab jk + 4 γbχljkTdb liT
ad jk
− εjklmγ
cγdχi
jkPcT
ad lm + εjklmγ · T
lmχjkiP
a − 2 εijklγ
cγaR(Q)l · T jkPc
+ 3 εijklR(Q)
l · T jkP a + 12ε
jklmγbχ
n
jkEniT
ab
lm − ε
jklmγbχ
n
ijEknT
ab
lm
− εjklmγbχ
j
niE
knT ab lm − 112γ
aγ · R(V )jiΛ
kEjk −
1
6γ.γ
aR(V )jiΛ
kEjk
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+ 14γ
aγ · R(V )jkΛ
kEji +
1
4ε
jklmγaR(Q)j · TklEmi + 2R(Q)
ab jPbEij
+ γcdΛiR(M)
abcdPb + γ
cR(Q)abiP¯cPb −
19
3 ε
jklmΛmD
bTbc liT
ac
jk
− 6 εjklmDbΛmTbc liT
ac
jk + 3 ε
jklmΛmD
bT acliTbc jk + 2 ε
jklmΛmT
ac
liD
bTbc jk
− 2 εjklmΛmD
a
[
Tli · Tjk
]
− 2 εjklmγdcDbΛmT
bd
liT
ac
jk +
5
3ε
jklmγdcΛmDbT
bd
liT
ac
jk
− 2 εjklmγdcΛmT
ad
liDbT
bc
jk + ε
jklmγdcΛmDbT
ad
liT
bc
jk +
1
2εijklγbΛ
lTcd
jkR(M)abcd
+ 2ΛkDcE
jkT caji + 2ΛkE
jkDcT
ca
ji +
1
3γ
baΛkD
cEjkTcb ji +
1
3γ
baDcΛkE
jkTcb ji
− 13γ
baΛkE
jkDcTcb ji +
16
3 γ
cΛjP¯ bDaTbcji +
16
3 γ
cΛjDaP¯ bTbcji +
4
3γ
cDaΛjP¯ bTbcji
+ 23γcDbΛ
jP¯ bT acji +
10
3 γ
cΛjP¯ aDbTbcji −
10
3 γcΛ
jP¯ bDbT
ac
ji +
2
3γ
cDbΛjP¯ aTbcji
+ 23γcΛ
jDbP¯bT
ac
ji +
2
3γ
cΛjDbP¯ aTbcji +
4
3γ
bΛjP¯bDcT
ca
ji −
20
3 γ
aΛjP¯ bDcTcbji
+ 283 γ
bΛjP¯cDbT
ac
ji −
8
3γ
aDcΛjP¯ bTcbji +
16
3 γ
bΛjDbP¯cT
ac
ji +
4
3γ
bDbΛ
jP¯cT
ac
ji
+ 14
[
1
3γcdγ
ab + γabγcd
]
ΛjR(V )
cdj
iPb −
1
6γcdγ
abΛjR(V )
cdj
iPb −
1
2γcdΛjR(V )
cdj
iP
a
− 13ΛjR(V )
ba j
iPb −
1
3γcdΛjR(V )
ca j
iP
d − 4 ǫijklγ
cΛjTcb
kmR(V )ab lm
− 12ǫijklγ
aΛmT ef jkR(V )ef
l
m +
2
3ǫjklmγbΛ
mTc
[a klR(V )b]c ji
+ 56ǫjklmγ
aΛmT cd klR(V )cd
j
i . (A.4)
The quartic part takes the following form
e−1L(4)ψ
a
i =
1
12γ
aΛjEijEklE
kl − 16γ
aΛkElkEijE
lj + 16ΛiEjkE
jkP a + 16γ
abΛiEjkE
jkPb
+ 23ΛkEijE
kjP a − 13γ
abΛkEijE
kjPb −
2
3γ
aΛjEijP¯bP
b − 43γ
bΛjEijP
aP¯b
+ 103 γ
bΛjEijPbP¯
a − 13ε
abcdγdΛ
jPbP¯cEji +
7
3γ
bcΛiP
aPbP¯c −
2
3γ
acΛiPbPcP¯
b
− 23γ
acΛiPbP
bP¯c −
5
3ΛiPbP
bP¯ a + 13ΛiPbP
aP¯ b − 73εijklγ
aΛjTbc
klP bP¯ c
+ 32εijklγbΛ
jT acklP bP¯c +
23
6 εijklγbΛ
jT acklPcP¯
b − 56εijklγ
bΛjTbc
klP aP¯ c
− 12εijklγ
bΛjTbc
klP cP¯ a + 4 εijklγbΛ
jT baklP¯cP
c − 16εijklγ
bΛmTba
jkEmnE
nl
+ 23ε
jklmγbΛ
nEmnEilT
ba
jk −
1
2εjklmγbΛ
lEniE
nmT bajk + 2 γcΛlEliT
ab
jkTcb
jk
+ 2 εijklεmnpqγ
cΛmElnT abpqTcb
jk + 12εijklεmnpqγ
aΛnEmlT pq · T jk
− 233 γ
cΛlEljT
ab
ikTcb
jk + 2 γcΛjEikT
ab
ljTcb
lk + 43ε
jklmΛlEimT
ab
jkPb
− 23εijklγcbΛmE
mlT abjkP c − 2 εjklmγcbΛmEilT
ab
jkP
c + 13εijklγ
bcΛmE
mlTbc
jkP a
+ 463 ΛkT
abkjTbcjiP
c + 283 ΛiT
abjkTbcjkP
c + 343 γ
cdΛkT
abkjTbcjiPd
+ 43γ
cdΛiT
abjkTbcjkPd +
14
3 γ · T
kjΛkT
ab
jiPb −
2
3γ · T
jkΛiT
ab
jkPb
− 2 εjklmγbΛ
lT jk · TmnT abin + εijklγbΛ
lT jk · TmnT abmn
+ 8 εjklmγdΛ
lT abinTbc
jkT cdmn . (A.5)
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We now present the expression of Lφ
a
i which appears contracted with an S-gauge field in the
Lagrangian. The terms linear in fermions can only be of cubic order in the fields
e−1Lφ
a
i =
1
2γbΛjE
ljT abli +
19
3 Λ
jP¯bT
ba
ji −
1
6γ
bcΛjP¯ aTbc ji
+ 13γ
abΛjP¯ cTbcji +
2
3ε
jklmγbΛmTbcliT
ac
jk + 2 ε
jklmγaΛmTli · Tjk . (A.6)
We move on to Lψ2
ab
ij and Lψ2
ab i
j which enter the Lagrangian contracted with two gravitini.
For clarity, we split them into
Lψ2
ab
ij = L
(2)
ψ2
ab
ij + L
(3)
ψ2
ab
ij + . . . , (A.7)
Lψ2
ab i
j = L
(2)
ψ2
ab i
j + L
(3)
ψ2
ab i
j + . . . , (A.8)
where L(2)
ψ2
ab
ij ,L
(2)
ψ2
ab i
j and L
(3)
ψ2
ab
ij,L
(3)
ψ2
ab i
j contain terms quadratic and cubic in the bosonic fields,
respectively. The higher-order terms, denoted by the dots, are fermionic. The expressions of the
quadratic parts are
L(2)
ψ2
ab
ij =
1
2εiklmγ
abEnmDjn
kl − 12εijklγ
[aγcdγ
b]R(V )cdlmE
mk − 2γabP cDcEij − γ
abDcPcEij
− 2T abklDij
kl + 12γ
[aγefγcdγ
b]R(V )ef kjT
cd
ik −
1
2γ
[aγcdγefγ
b]R(V )ef kiT
cd
kj
+ 4R(M)abcdTcdij + 4 εijklε
abcdPcD
eTed
kl − 4 εijklP
cDcT
bakl
− 2 εijklDcP
cT bakl , (A.9)
L(2)
ψ2
ab i
j = − 4 ε
abcdδijγdD
e
[
P[cP¯e]
]
. (A.10)
while the cubic parts read
L(3)
ψ2
ab
ij =
1
3T
ab
l[iEj]kE
kl − 23T
ab
ijEklE
kl + 12εijklεmnpqE
mlEpkT abqn + 8T baklTlj · Tik
+ 16 γ · T klTlj
[a
cT
b]c
ik + 8 P¯cP
[aT b]cij − 16PcP¯
[aT b]cij + 4 ε
klmnEn[iTj]mc
[aT b]ckl
+ 16εklm(iTj)n
baγ · T lmEkn , (A.11)
L(3)
ψ2
ab i
j = − 2 γcE
kiP¯ [aT b]ckj − γ
cEkiP¯cT
ab
kj − 2 γcEkjP
[aT b]cki − γcEkjPcT
abki
+ 163 ε
ilkmγcT abjlP¯
dTcdkm + 8 ε
iklmγ[bT a]clmP¯
dTcdjk − 4 ε
iklmγcP¯ [bT a]dlmTdcjk
− 2 εiklmγ[aP¯ b]Tjk.Tlm −
16
3 εjklmγcT
abikPdT
dclm + 8 εjklmγ
[bT a]clmP dTcd
ik
− 4 εjklmγ
cP [bT a]dlmTdc
ik − 2 εjklmγ
[aP b]T ik · T lm . (A.12)
Finally we present the results for Lψφ
ab
ij and Lψφ
ab i
j which are coupled to a gravitino and an
S-gauge field. The only bosonic terms are clearly at most quadratic
Lψφ
ab
ij =2 εijklε
abcdγdP
eTec
kl , (A.13)
Lψφ
ab
ij = − 4 δ
i
jP
[aP¯ b] . (A.14)
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B Transformations of the superconformal curvatures and Bianchi identities
As mentioned in section 2, the gauge fields ωµ
ab, fµ
a and φµ
a are composite. They are expressed
in terms of the other fields through the set of constraints (2.2). The latter, when combined with
the superconformal Bianchi identities, lead to the following useful relations
R(D)ab =0 ,
R(M)abcd =R(M)cdab ,
εaecdR(M)cdeb =0 ,
1
4ε
abcdεefghR(M)cdgh =R(M)
abef ,
εcdefDbDdR(M)efab =0 ,
R(K)ab
c =DeR(M)ab
ec ,
εabcdDbR(V )cd
i
j = −
1
4ε
iklmΛ¯mγbγ · TjlR(Q)
ab k − (h.c.; traceless) ,
DaR(Q)
ab i = − 14ε
abcdγaR(S)cd
i
R(Q)+ab
i =0 ,
R(S)−ab
i = 6DR(Q)ab
i ,
γabR(S)ab
i =0 ,
γaR(S)+ab
i =0 ,
εabcdDbR(S)cd
i = − 13γ
aT ij · R(S)j −
4
3T
abijDdR(Q)db j −
1
3γ
aR(V )ij.R(Q)
j
− 16 iγ
aF ·R(Q)i + 43D
gTgc
ijR(Q)acj −
1
4γ · Tjkγ
aT ij.R(Q)k . (B.1)
Note however that these relations are not independent. We recall that the (anti-)self dual part of
a curvature is defined here as R±ab =
1
2(Rab ±
1
2εabcdR
cd).
The Q-supersymmetry and S-supersymmetry transformations of the supercovariant curvatures
are
δQR(M)abcd = −
1
4 ǫ¯
iγabR(S)
−
cdi −
1
4 ǫ¯
iγcdR(S)
−
abi +
1
4 ǫ¯
i 6DγabR(Q)cdi +
1
4 ǫ¯
i 6DγcdR(Q)abi + h.c. ,
δQR(Q)ab
i = − 12R(M)abcdγ
cdǫi + 14
[
γcdγab +
1
3γabγ
cd
][
R(V )cd
i
jǫ
j + 12 iFcdǫ
i+ 6DTcd
ijǫj
]
,
δQR(V )ab
i
j = ǫ¯
iR(S)abj − 2ǫ¯
kγ[aDb]χ
i
kj + 2ǫ¯lχ
i
kjTab
kl + 13Tabjl
[
− 2 ǫ¯l /¯PΛi − ǫ¯lEikΛk
]
+ 18ε
iklmǫ¯nγ[aγ · Tknγ · Tljγb]Λm −
1
2E
ikεjkmnǫ¯
mR(Q)ab
n
− 14ε
iklpεjmnpǫ¯
mγcR(Q)abkΛ¯lγcΛ
n + 13 ǫ¯jγ[aDb]
[
EikΛk
]
+ 12ε
iklmǫ¯kD[a
[
γ · Tljγb]Λm
]
+ 23 ǫ¯jγ[aDb]
[
/¯PΛi
]
− (h.c.; traceless) ,
δQR(S)
+
ab
i = − 2DcR(M)+abcdga
dǫi + 14
[
γcdγab +
1
3γabγ
cd
][
γeǫjDeRcd
i
j +
1
2 iγ
eǫjDeFcd
+ ǫjDcD
eTed
ij + 2ǫlTcdjkT
ij.T kl − 4γeǫkDfTfe
ijTcdjk − 2γ
eǫkDfTcdjkTfe
ij
]
,
δSR(M)abcd = −
3
4 η¯iγabR(Q)cd
i − 34 η¯iγcdR(Q)ab
i + h.c. ,
δSR(Q)ab
i = 12
[
γcdγab +
1
3γabγ
cd
]
Tcd
ijηj ,
δSR(V )ab
i
j = η¯
iR(Q)abj + ε
iklmTabjlη¯kΛm − η¯
kγabχ
i
kj −
1
6 η¯
iγab
[
2 6PΛj − EjkΛ
k
]
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− (h.c.; traceless) ,
δSR(S)
+
ab
i = − 12R(M)abcdγ
cdηi + 34
[
γcdγab +
1
3γabγ
cd
][
ηjR(V )cd
i
j +
1
2 iη
iFcd
]
. (B.2)
The transformations of Rab
c(K) and Rab
i(−)(S) can be easily derived from (B.1). Finally, for the
purpose of section 4, we give the explicit expressions of the fermionic supercovariant curvatures
R(Q)µν
i =2D[µψν]
i − γ[µφν]
i − 12γ · T
ijγ[µψν]j +
1
2ε
ijklψ¯µjψνkΛl (B.3)
R(S)µν
i =2D[µφν]
i − 2f[µ
aγaψν]
i − 16γ[µγ · T
ijφν]j −
1
2ε
ijklφ¯[µkΛlψν]j + δ
(cov)
Q|ψ[ν
φµ]
i
+ [terms ∝ ψ2] (B.4)
where the symbol δ(cov)
Q|ψb
denotes the supercovariant part of a Q-variation with the parameter
replaced by the gravitino.
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